Abstract. Let G be a connected reductive group and X an equivariant compactifiction of G. In X, we study generalised and opposite generalised Schubert varieties, their intersections called generalised Richardson varieties and projected generalised Richardson varieties. Any complete G-embedding has a canonical Frobenius splitting and we prove that the compatibly split subvarieties are the generalised projected Richardson varieties extending a result of Knutson, Lam and Speyer to the situation.
Introduction
Let G be a connected reductive group over a field k of positive characteristic p. A G-embedding is a normal G × G-variety X together with a G × G-equivariant open embedding of G in X.
G-embeddings share many of the nice properties of rational projective homogeneous spaces. For example, any G-embedding has a cellular decomposition defined by B × B and B − × B − -orbits for B and B − opposite Borel subgroups of G. We call these cells and their closures generalised (and opposite generalised) Schubert cells and varieties. They have many properties of the classical Schubert cells and varieties: normality, Cohen-Macaulay property (see for example [4, 5, 7] for more details). We study these varieties and their intersections, that we call generalised Richardson varieties, as well as the images of these varieties under morphisms of G-embeddings.
The existence of Frobenius splittings is another instance of the common features between projective rational homogeneous spaces and G-embeddings. Frobenius splittings were first introduced by Mehta and Ramanathan in [12] for projective rational homogeneous spaces to prove cohomology vanishing results and regularity properties of Schubert varieties. Using this technique, Rittatore [19] obtained regularity results for all G-embeddings, in particular the Cohen-Macaulay property. Brion and Polo [4] , Brion and Thomsen [5] and He and Thomsen [7] also obtained regularity results for B × B-orbit closures in group embeddings.
For rational projective homogeneous spaces, Knutson, Lam and Speyer [9] proved that in G/P (with P a parabolic subgroup containing B) the projections of Richardson varieties are all the compatibly split subvarieties for the unique B-canonical splitting. For X a complete G-embedding, X has a unique Frobenius splitting φ compatibly splitting the G × G, B × B and B − × B − divisors (see Proposition 5.1). We introduce projected generalised Richardson varieties (see Definition 4.2) and prove the following result. The fact that projected generalised Richardson varieties are compatibly split follows from results of He and Thomsen [7] . We use techniques of Knutson, Lam and Speyer [9] to prove that these varieties are the only compatibly split subvarieties. On the way we prove several results on generalised Schubert varieties, generalised Richardson varietes and projected generalised Richardson varieties: the later are normal and form a stratification of X. It is also interesting to note that not all the properties of Schubert varieties extend to G-embeddings. In particular, in general the intersection of two opposite generalised Schubert varieties is neither irreducible nor equidimensional (see Example 3.3).
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Notation.
We work over an algebraically closed field k of positive characteristic p. Varieties are reduced, separated, connected schemes of finite type over k.
Let G be a reductive group over k and let T be a maximal torus of G. Denote by W = N G (T )/T the Weyl group of T and by Φ the root system associated to (G, T ). Let B be a Borel subgroup of G containing T . Denote by ∆ the set of simple roots induced by B and by Φ + the set of positive roots. For J a subset of ∆, denote by P J the parabolic subgroup containing B with ∆ P = J where for P a parabolic subgroup containing B, ∆ P is the set of simple roots of the Levi factor of P containing T . Denote by P 2. G-embeddings
together with an open equivariant embedding G → X. A morphism of G-embeddings is a G × Gequivariant morphism between G-embeddings extending the identity on G. These varieties are special cases of spherical varieties. We refer to [10, 13] for an overview on the geometry of spherical varieties.
2.2. Description of G × G-orbits. Let G be a reductive group, X be a Gembedding and (G × G) · x be a G × G-orbit in X. We describe the stabiliser H of x. The following result, whose proof is essentially due to Brion, generalises in positive characteristic a result of Alexeev and Brion [1, Proposition 3.1]
Then there exists a subset I of ∆, union of two orthogonal subsets J and K such that the subgroup H is conjugate in T × T to
Furthermore if X is toroidal, then J = ∅.
Proof. 1. This follows from [3, Proposition 6.2.3] for toroidal embeddings. The general result follows from the toroidal case. Note that since x ′ is unique up to T × T -action, it follows that its stabiliser will be unique up to conjugation in T × T .
2. Using results of Sumihiro [20] (see also [13, Theorem 2.3 .1]), we may assume that X is equivariantly embedded in P(V ) with V a G-module. Consider X the affine cone over X and G = G × G m . The stabiliser of the cone over the orbit G · x is H ≃ H. We can thus assume that X is affine. According to a result of Rittatore (see [18, Proposition 1] the affine G-embedding X is an algebraic monoid. The result is a consequence of the theory of algebraic monoids. For this theory, we refer to [16] although many of the results we use were first proved by Putcha [14, 15] .
By [16, Theorem 4.5 . (c)] , any G × G-orbit is the orbit of an idempotent e contained in the closure of the maximal torus. We may therefore replace x by e. The stabiliser is the subgroup H = {(x, y) ∈ G×G | xey −1 = e} of G×G. Let (x, y) ∈ H, then xe = ey and exe = ey = xe. Therefore x lies in P (e) = {x ∈ G | xe = exe}. In the same way, eye = xe = ey and y lies in P − (e) = {y ∈ G | ey = eye}. According to [16, Theorem 4.5 .(a)], these groups are opposite parabolic subgroups of G and their unipotent radicals R u P (e) and R u P − (e) satisy R u P (e)e = {e} = eR u P − (e). In particular we have the inclusions
Note that the Levi subgroup of both P (e) and
By [16, Theorem 4.8.(a) ], the subset eXe = {x ∈ X | x = exe} is an algebraic monoid with unit e and unit group C G (e)e = eC G (e). Consider the morphism p e : P (e) × P − (e) → C G (e)e × eC G (e) defined by p e (x, y) = (xe, ey). It is a group homomorphism: p e (xx ′ , yy ′ ) = (xx ′ e, yy ′ e) = (xex ′ e, yey ′ e), whose kernel contains R u P (e) × R u P − (e). Thus p e factors through its restriction to L(e) × L(e). Since L(e) is reductive, the morphism L(e) → C G (e)e, x → xe is the quotient of a finite cover of L(e) by some semi-simple factors and a subgroup of the centre.
For (x, y) ∈ H, we have p e (x, y) = (xe, ey) = (xe, xe), therefore p e maps H to diag(C G (e)e). This mapping is surjective since for x ∈ C G (e), we have xe = ex therefore (x, x) ∈ H and p e (x, x) = (xe, xe). Furthermore, R u P (e) × R u P − (e) ⊂ ker(p e ) ⊂ H. All this implies our result: let I be such that P I = P (e) and P
= ker(L(e) → C G (e)e) and let K be the complement of J in I. The subsets J and K are orthogonal (since the morphism L(e) → C G (e)e, x → xe is the quotient of a finite cover of L(e) by some semi-simple factors and a subgroup of the centre). Furthermore the group
. Since C G (e)e is a quotient by a subgroup contained in H(e) of L K this concludes the proof of the first assertion. Let I, J and K as above. Recall that u ∈ W can be written u = u
Let Ω be a G × G-orbit and let h ∈ Ω be as above.
1. The B × B orbits in Ω are the generalised Schubert cells.
is neither irreducible nor equidimensional. We will however prove in Propposition 3.8 that for X smooth and toroidal, the variety X
is the vector space of 3 × 3 matrices. The group G × G with G = PGL 3 (k) acts on X by (P, Q) · A = P AQ −1 . Let B be the image of the subgroup of upper-triangular matrices in G and B − be the image in G of lower-triangular matrices. For A ∈ M 3 (k), denote by C 1 , C 2 and C 3 the columns of A.
The G×G-orbits are indexed by the rank. Let Ω 2 be the orbit of matrices of rank 2. Denote by X 1,2 and X 2,3 the closed subsets given by the equations C 1 ∧ C 2 = 0 and C 2 ∧ C 3 = 0. The intersections Ω 2 ∩ X 1,2 and Ω 2 ∩ X 2,3 are easily seen to be B × B and
This is the decomposition of X w,x u,v (Ω 2 ) in irreducible components. The dimensions of these components are 5 and 4. Therefore X w,x u,v (Ω 2 ) is neither irreducible nor equidimensional.
Proposition 3.4.
Let Ω and h ∈ Ω be as above. Let u, v, w, x ∈ W . The varietẙ X w,x u,v (Ω) is irreducible and smooth. Proof. We follow the proof of the same result for rational projective homogeneous spaces. Let I, J, K such that
There is an open dense subset of Ω given by (B − × B) · h. We translate this subset in a neighborhood (wB
In what follows, we write, for E a subset of G and α a root of (G, T ): α ∈ E for U α ⊂ E. We have an isomorphism given by the action
Intersecting withX u,v (Ω) which is stable under U w,x we get Proof. The variety X
′ (Ω) are the generalised opposite Schubert cells contained in X w,x (Ω) ∩ Ω. In the orbit Ω, since these Schubert cells are stable for opposite Borel subgroups of G × G, they are in general position and thefore intersect properly (see [8] ).
Since Ω is smooth, it follows from [6, Lemma page 108] that the codimension of any irreducible component of X − × B − -orbits. We will however prove in Proposition 3.12 that for X toroidal, the variety p Ω (X w,x u,v (Ω)) is a product of Richardson variety.
Let X be P(M 4 (k)) where M 4 (k) is the vector space of 4 × 4 matrices. The group G × G with G = PGL 4 (k) acts on X by (P, Q) · A = P AQ −1 . Let B be the image of the subgroup of upper-triangular matrices in G and B − be the image in G of lower-triangular matrices. For A ∈ M 3 (k), denote by C 1 , C 2 , C 3 and C 4 the columns of A. Let (e 1 , e 2 , e 3 , e 4 ) be the canonical basis of k 4 . The G × G-orbits are indexed by the rank. Let Ω 2 be the orbit of matrices of rank 2. We have the structure map p Ω2 : 
Note also that taking inverse images in a toroidal G-embedding dominating X we can also construct examples of this kind for toroidal varieties. 
In the orbit Ω ′ , since these Schubert cells are stable for opposite Borel subgroups of G × G, they are in general position and thefore intersect properly (see [8] ). In particular X 
According to [7, Proposition 6.3] , the B × B-orbit Bu Proposition 4.1. 1. For any G-embedding X, there exists a smooth toroidal Gembedding X and a G × G-equivariant morphism ψ : X → X.
2. For any G-embedding X and toroidal G-embeddings X and X ′ with G × Gequivariant morphisms ψ : X → X and ψ ′ : X ′ → X, there exists a smooth toroidal embedding X with G × G-equivariant morphisms ϕ : X → X and ϕ : X → X such that the following diagram is commutative. [10] ) without the smoothness condition on X ′′ but using 1. the result follows for Gembeddings. Proof. Let ψ : X → X and ψ ′ : X → X be two smooth toroidal variety dominating X. Let X w,x u,v (Ω ′ ) be a generalised Richardson variety in X, we prove that
is also the projection of a generalised Richardson variety in X. Let X ′′ smooth and toroidal dominating both X and X as given in Proposition 4.1.
) is again a generalised Richardson variety in X and the result follows.
Parabolic induction.
In this subsection we consider the following situation. Let G be a reductive group, T be a maximal torus and P be a parabolic subgroup containing T . Let U be the unipotent radical of P. We denote by W, W P the Weyl groups of (G, T ) and (P, T ) and by L the Levi subgroup of P containing T . Let B be a Borel subgroup of G with T ⊂ B ⊂ P and let B − be the opposite Borel subgroup with repect to T . We write W P for the set of minimal length representatives of W/W P .
Let H be a spherical subgroup of G contained in P such that U ⊂ H, let X = G/H and Y = G/P. We have X ≃ G × P P/H and P/H ≃ L/L∩H. The quotient P/H is thus a L-spherical variety. Let p : X → Y be the natural projection. By [2, Lemma 1.2]), any B-orbit of X is of the form BλO for λ ∈ W P and O a B L = B ∩ L-orbit in P/H and any B − -orbit of X is of the form
Under the isomorphism bλνP · H ≃ P/H ≃ L/(L ∩ H), we have
where ζ = ζ l ζ u with ζ l ∈ L and ζ u ∈ U.
Proof. 1. Let b 1 λb 2 ν · H ∈ BλO with b 1 ∈ B and b 2 ∈ B L . Since λ ∈ W P , we have λb 2 λ −1 ∈ B and b 1 λb 2 λ −1 λν · H ∈ Bλν · H. This proves BλO = Bλν · H. A similar argument proves the second equality.
2. We have p −1 (bλν · P) ∩ Bλν · H = bλνP · H ∩ Bλν · H and the equality follows. 3. A similar argument as in 2. proves the result. 4. Follows from 2., 3. and the equality
5. Let p ∈ P, then there is a unique decomposition p = p l p u with p l ∈ L and p u ∈ U and the map P/H → L/L ∩ H is given by p · H → p l · (L ∩ H). Furthermore, the map p → p l is multiplicative and maps H to L ∩ H.
Since λ, µ ∈ W P , we have B
.
Now for p ∈ P ∩ B
(λν)
Furthermore, according to 4., there are elements h 1 , h 2 ∈ H such that ph 1 ∈ (B) (λν)
The converse inclusion is easy.
We apply the above result to the following situation. Let X be a G-embedding and Ω = (G × G) · x such that the stabiliser H of x is as given in Proposition 2.2:
Corollary 4.6. 1. The fibers of the map
2. The fibers of the restriction p Ω :X
w,x (Ω). Applying the above Lemma, we get that the fibers are isomorphic to the intersection of (B I × B I )
Let ϕ : X → X be a morphism of G-embeddings with X toroidal. According to Lemma 2.3 and Proposition 2.2, there exists x ∈ X and x = ϕ( x) such that if H and H are the stabilisers of x and x, then
and that K and I ∩ J are orthogonal Applying the above result we get.
1. There is a commutative diagram
The fibers of p Ω and p Ω are isomorphic to quotients of L K ×L I∩J and L K by central subgroups. The morphism between these fibers induced by ϕ is the morphism induced by the the first projection.
2. Let u, v, w, x ∈ W . There is a commutative diagram
with vertical fibers isomorphic to
Furthermore, the morphism between these fibers induced by ϕ is the morphism induced by the first projection. Definition 4.9. 1. For each G × G-orbit in X, we choose a G × G-orbit Ω in X such that Ω is minimal in ϕ −1 (Ω). We define I, J, K, I, J, K as the subsets of simple roots such that
Recall from Lemma 2.3 that we have J = ∅ and K = K = I and that the roots in J and K are orthogonal. We write ψ :
The set R X is the set of tuples (Ω, u, v, w, x) with Ω a G × G-orbit of X and u, v, w, x ∈ W with u = u I and x = x I . 3. For Ω a G × G-orbit in X and u, v, w, x ∈ W , we define
Lemma 4.10. Let (Ω, u, v, w, x) ∈ R X and Ω as above.
In the commutative diagram
2. In the commutative diagram
Proof. 1. Since ϕ is surjective, the map p
is surjective. According to Proposition 2.2 and Lemma 2.3, we can write Ω = G×G/ H and Ω = G×G/H such that Ω (ψ( y)) induced by ϕ is surjective with fiber isomorphic to the subgroup H ′ / H J of Z K . It also follows that for˚ X u ′ ,v ′ ( Ω) a B × B-orbit in Ω, the fiber of the map˚ X u ′ ,v ′ ( Ω) →X u ′ ,v ′ (Ω) contains H ′ / H J . We prove that this subgroup must be trivial. Recall from [11, Corollary 3.3 ] that if a homogeneous spherical variety is such that the stabiliser in a Borel subgroup of a general point is connected, then so is the stabiliser in a Borel subgroup of any point. In particular, this holds for Gembeddings and their G × G-orbits. Let x ∈X u,v (Ω) let (B × B) x be its stabiliser in B × B. It is connected. Since it is solvable, it therefore acts with a fixed point x on the fiber ϕ −1 (x) ∩ Ω which is closed. The B × B-orbit of x, which is of the form
, is therefore isomorphic toX u,v (Ω) via ϕ. In particular H ′ / H J is trivial. 2. Follows from 1. and Corollary 4.8.
We will need the following result generalising Theorem 3.6 in [9] (see also Theorem 7.1 in [17] ).
Lemma 4.11. Let Q ⊂ P ⊂ G be parabolic subgroups containing B and let p Q,P : G/Q → G/P be the projection. IfR u ′ (P ) for u ′ P = u P and w ′ P = w P , we have the inclusion:
Proof. We may assume that X is projective. Let 
